The emergence of cosmic space as cosmic time progress is an exciting idea advanced by Padmanabhan to explain the accelerated expansion of the universe. The generalisation of Padmanabhan's conjecture about the emergence of cosmic space in a non-flat universe has resulted in scepticism about the choice of volume. Extending Padmanabhan's basic conjecture in a non-flat universe with the areal and invariant volume of the apparent horizon replicates the Friedmann equations. We analysed the choice of volume, from a thermodynamic viewpoint by examining the adaptability of the first law of thermodynamics in modified expansion laws. The failure of invariant volume to regain the first law of thermodynamics strongly advocates the choice of areal volume over proper invariant volume.
Introduction
The interplay between gravity and thermodynamics have grown to an ardent topic of interest since the development of black-hole thermodynamics [1] [2] [3] . These captivating results can not be perceived as mere coincidences and may hold deeper insights into the quantum nature of geometry. Jacobson was the first to disclose the connections between gravity and thermodynamics directly. He derived the Einstein's field equations from Clausius relation, δQ = T dS at the horizon collectively with the equivalence principle, where δQ and T are the energy flux and Unruh temperature perceived by an accelerated observer within the horizon respectively [4] . The relentless investigations on the thermodynamic perspective of the gravitational field equations authenticate the mutuality between gravity and thermodynamics [5] [6] [7] [8] . However, thermodynamics being a macroscopic theory, the close resemblance between gravity and thermodynamics points to a microscopic structure for gravity. On these backgrounds, Verlinde treated gravity as an entropic force to successfully derive Newton's gravitation law [9] . Similarly, Padmanabhan concluded the same using equipartition law of energy and the thermodynamic relation S = E 2T
, where S is the thermodynamic entropy, T the temperature of the horizon and E is the gravitational mass [10, 11] . These results furnish substantial signs for gravity being an emergent phenomenon (For a detailed review and references see [12, 13] ).
However, in these former treatments, the space-time is assumed to be pre-existing, and the field equations arose as consistency conditions obeyed by the background space-time. Then is it reasonable to assume the space-time itself is an emergent structure? Padmanabhan tackled the conceptual complexities raised by this question by acknowledging a geodesic observer in cosmology. To this observer, the expansion of the universe would be equivalent to the emergence of cosmic space as cosmic time progress. Coupling this idea and with a specific version of the holographic principle, he further postulated that the quest for attaining the holographic equilibrium is driving the expansion of our universe [14] . The proposed expansion law was shown equivalent to the Friedmann equations in a flat universe. By appropriately modifying the surface degrees of freedom on the horizon and the effective volume, R.G. Cai derived the dynamics of the horizon in Gauss-Bonnet and more general Lovelock gravity but failed in a non-flat universe [15] . However, with a minor correction to the expansion law, Sheykhi was successful in producing the Friedmann equations in a universe with any curvature [16] . Even though these works were successful in delivering the Friedmann equations, the use of areal volume was criticised because it leads to conclude that the time evolution of the flat universe generates non-flat Friedmann equations [17] . Moreover, it is reasonable to assert that the geometrical quantities are metric dependent; hence, the proper invariant volume should be favoured instead of the areal volume. Motivated by these objections, Myungseok et al. employed the proper invariant volume to analyse the expansion law and produced the Friedmann equations but had to redefine the Planck length as a function of cosmic time [17] . Altering a fundamental constant does not seems reasonable and gained much criticism for it [18] . Thus the appropriate choice of the volume is uncertain, and the dispute between areal volume and invariant volume prevails unsettled, and we wish to level the scores here.
The attempt by Myungseok et al. raises a fundamental question against the authority of areal volume. Since the use of both areal volume and invariant volume are efficient in generating the Friedmann equations, the authentic approach would be a topic of contention. More than a decade ago, Cai had shown that the apparent horizon obeys the relation, dE = T dS + W dV [19] , often designated as the first law of thermodynamics. The first law of thermodynamics being one of the central foundations of physics necessitates it to be followed in every thermodynamic phenomenon. Hence the expansion law introduced in [16] and [17] can only be legitimate if they are consistent with the first law of thermodynamics, which is verified here. This paper is structured as follows; section II reviews the expansion laws introduced in [16] and [17] , and try to reconcile these expansion laws with the first law of thermodynamics. In the last section, we conclude our investigation and examine the outcomes. We follow the natural units c = ℏ = k b = 1 for simplicity.
The Thermodynamic Perspective of Expansion Laws in a Non-Flat Universe
We assume the universe to be homogeneous and isotropic, described by the line element [19] ds
where r A = ra(t) and x 0 = t, x 1 = r, dΩ 2 denotes the line element of the (2) dimensional unit sphere and the two dimensional metric h ab = diag(1, a 2 1−kr 2 ). Here, the spatial curvature constant k resembles a closed, open and flat universe for k = ±1 and 0 respectively. In FRW cosmology, there subsists a marginally trapped surface with vanishing expansion identified by the relation h ab ∂ a r∂ b r = 0 and apprehended as the apparent horizon [20] . The thermodynamic aspects of the apparent horizon are well scrutinised and established as a suitable thermodynamic boundary for our universe [21] [22] [23] [24] . A straightforward calculation yields the radius of the dynamic apparent horizon as [25] 
where H =ȧ/a is the Hubble parameter. We follow the assumptions in [16] and [17] to define the number of degrees associated with the apparent horizon as
where N sur is the number of degrees of freedom on the horizon and N bulk is the number of degrees of freedom in bulk. The novel idea advanced by Padmanabhan is that the universe is driven towards holographic equipartition, which leads to the emergence of cosmic space as cosmic time progress and comprehends as the expansion of the universe. Mathematically this concept can be realised as [14] 
More generally one can presume dV /dt to be a function of ∆N, which vanishes as ∆N → 0. Then the Eq. (4) can be interpreted as the Taylor series expansion of the original function truncated at first order. However, the relation (4) does not endure in non-flat geometry to give corresponding Friedmann equations. To surmount the limitations of (4) Sheykhi advocated a more general expansion law given by
which nicely reduces to Eq.(4) in flat space and proficient at producing the Friedmann equations in any spatial curvature. One may admire Eq. (5) to have the status of a postulate which is certified by its equivalency with Friedmann equations. The expansion law (5) treated the universe as a sphere with radius r A and used the areal volume to produce the Friedmann equations. However, it is requisite to point out that the areal volume is harmonious with the FRW metric only when k = 0 and the proper invariant volume of space surrounded by the apparent horizon is
on integration gives
Hence, to correctly account the exact volume of space inside the apparent horizon, Myungseok et al. revised the expansion law (4) with a proportionality function and employed the invariant volume to reach the Friedmann equations. The remodelled expansion law is given by [17] 
where function f k (t) defined to be
To maintain the original form of (4), the proportional function along with the Planck length in (8) was interpreted as l
eff is the effective Planck length [17] . The (l
eff is a curvature dependent function of cosmic time, which is a distressing conclusion to have and necessitates a re-look at the dilemma. The thermodynamic nature of the apparent horizon coerces the first law of thermodynamics to be obeyed at the apparent horizon. Consequently, the expansion laws should be congruous with the first law and deductible from it.
Till now, we have briefly reviewed the expansion laws bestowed in [16] and [17] . Now we will explore the relation between expansion laws and the first law in both scenarios. The unified first law of thermodynamics for the apparent horizon is given by
where E is the total energy of matter inside the apparent horizon (E = ρV ), S is the entropy, V is the volume of space inside the cosmological horizon, W is the work density (W = (ρ − p)/2) and T is the temperature associated with the cosmological horizon determined by the surface gravity at the horizon. As the T dS term is independent of volume, the first law can be rewritten as
So that the L.H.S of Eq.(11) remains same for areal and invariant volume. The temperature and entropy associated with the apparent horizon is given by [19] 
which gives T dS as
Thus the expression (13) serves as the L.H.S of the first law (11) for areal and invariant volume. Now looking at the R.H.S of Eq. (11), we have
which will serve as the R.H.S of the first law.
To commence with, now we analyse the consistency of first law with areal volume and explore its connections with Eq. 5. The direct substitution of areal volume in Eq. (14) gives
Using the differential form of the first Friedmann equations given by
we can simplify our expression to be
Which shows that the first law can be nicely furnished with the use of areal volume. However, to validate the postulate (5), one should be able to extract the unified first law from the expansion law. Using areal volume and recalling the relations (3), the expansion law (5) can be manifested as
which can be further reduced and modified to givė
Using Eq.(2), we find thaṫ
Plugging (20) into (19) we get
Using the first Friedmann equation, the Eq.(21) can be cast into
Multiplying both sides with (1 −ṙ A 2Hr A
) and using the continuity equation, one can finally reach the first law of thermodynamics as
Thus the expansion law (5) is equivalent to the unified first law of thermodynamics in 4-D Einstein gravity.
Likewise, the revised expansion law (8) has to attain its roots from the first law to establish its authenticity. Before that, we will examine if the invariant volume can furnish the first law of thermodynamics. The infinitesimal change of invariant volume as the time progress is given by [17] 
Substituting (24) in (14) end up with
From the continuity equation we can use
to simplify (25) and yield
Using Eq.(16) the above relation can be reduced to give
According to the Eq.(28), dE −W dV K , the R.H.S. of the unified first law of thermodynamics will not precisely reduce to T dS, but there appears an extra term proportional
A , as a result, the additional term vanishes and the dE −W dV k will nicely reduce to T dS thus guarantee the perfect validity of the first law. On the other hand, the validity of the law even for a curved space universe would demand the use of areal volume instead of invariant volume. As it is not possible to formulate the first law with invariant volume, there is no possible way to show the Eq. (8) mirrors the first law of thermodynamics. It is also vital to note that as the first law with invariant volume in Einstein gravity does not hold, there is no scope for prolonging Eq. (8) to higher gravity theories. Thus from a Thermodynamic point of view, we are obliged to conclude that we should use the areal volume rather than the invariant volume.
Summary and Discussion
In this paper, we resolved the apparent disparity about the choice of volume by analysing the reciprocities between unified first law of thermodynamics and the expansion laws (5) and (8) . Our analysis illustrates that the areal volume successfully validates the first law and the expansion law (5) can be rendered as the first law in 4D Einstein gravity. Whereas, (8) can not achieve a similar result because the formulation of first law itself with invariant volume is not valid. However, if the curvature is zero (k = 0), then the invariant volume reduces to the same form as areal volume, and the first law is satisfied. Thus we find that the principle of energy conservation will not be co-occurred if are implementing invariant volume to justify the expansion of the universe in curved space, and it will be advantageous to engage areal volume rather than invariant volume.
The formulation of expansion law based on invariant volume is a wise measure taken to ideally account the volume of space spanned by the apparent horizon. Nevertheless, there are some unfortunate results such as the severe divergence of gravitational coupling at k=−1 and the time dependence of Planck length, which required more in-depth expositions [17] . The effective Planck length is divergent for radiation and matter-dominated era for the non-flat open universe, while it approaches (l 2 p ) eff k=1 = 2l 2 P for k = 1 which are not compatible with the observations. From the thermodynamic viewpoint, we think that the roots for such departures from the standard observations can be traced back to the collapse of first law with invariant volume. However, the invariant volume coincides with areal volume in k = 0, and it readily explains why meaningful physical interpretations are obtained in flat space with invariant volume. Besides, the violation of the first law recommends that selection of invariant volume in cosmology will be a poor choice to describe any physical process and not just the expansion of the universe.
The triumphant nature of areal volume may enforce us to conclude entirely in favour of areal volume. However, it is imperative to address why the first law demands the areal volume, or empirical form of the volume is metric independent. Embracing the energy conservation in mind one possible way to elucidate this query will be to propose the universe to be flat. Other conclusions will have disagreements with either the first law or the metric. One can assume the success of areal volume in non-flat space was maybe due to the thermodynamic behaviour of a stretched horizon with radius (r A ) k=±1 in flat space. The observational results are also pointing to a flat universe. Thus to ideally account, the volume of space spanned by the apparent horizon and the first law of thermodynamics, one needs a flat universe
